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The asymptotic behavior at infinity of solutions of the equation u’ = 
P(u, t)/Q(u, t) is studied. P, Q are polynomials in u whose coefficients are 
functions oft, and belong to the Hardy class J? (i.e., to the set of all real-valued 
functions defined by finite many ordinary algebraic, exp, and log operations.) 
It is proved that, for any continuously differentiable solution u(t), there exists 
one or the other of the asymptotic formulae u(t) - h(t), In u(t) - h(t), within 
the class 3, i.e., h(t) E X. 
As the main tool for the proof it is first shown that any (real) solution y(t) 
of an algebraic equation whose coefficients are elements of X behaves at infinity 
again as an element of 2. 
1. INTRODUCTION 
G. H. Hardy showed in [3] (cf. [I, p. 1011) that all solutions, defined for 
large t, of the equation U’ = p(~, t)/q(u, t), where p, 4 are polynomials in t 
and U, are ultimately monotonic together with all their derivatives, and satisfy 
one or other of the relations 
u - &T(t), u N atb(log t)lic, t-+-co; 
here a, b are real, c is an integer, and r(t) is a polynomial. 
This result is also interesting from the point of view of the theory of growth 
of real functions. It shows that, for a given differential equation, one can 
characterize a class %? of functions such that, for any solution in question, 
there exists an asymptotic formula u(t) N v(t), t -+ co, where q(t) E %. In 
the Hardy’s result %? C X, where LZ? is a Hardy field, the latter being defined 
as the set of all real-valued functions defined, for large t, by a finite combina- 
tion of ordinary algebraic, exp, and log operations acting on the real variable t 
and on real constants ([4, p. 171). (F or an abstract approach see [2, p. 1071.) 
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In the present paper, the behavior for large t of ultimately continuously 
differentiable solutions u(t) of the equation 
is studied. Here and in the sequel L, M, P, Q,... are polynomials in u with the 
coefficients belonging to &‘, i.e., functions of the form 
i u,(t) u”-“, a,(t) E 2. 
V=O 
It is shown that there exist functions h(t) E A? such that for any solution 
u(t) either u(t) N h(t) or In u(t) N h(t) hold. 
Throughout the text, a solution means an ultimately continuously dif- 
ferentiable one. 
Further, a > b, t -+ co, means that either a/b + 03 or a/b --+ 1, t ---f co. 
Since all asymptotic relations occurring hold for t--f CO we shall occasionaly 
omit the adjective. 
2. The proof of the main theorem is based on the following result on 
algebraic equations (which we think to be of interest in its own right). 
THEOREM 1. Let a,(t) EST, v = 0, l,... 11, and denote 6y y(t) any (real) 
solution, defined for large t, of the equation 
i. %(t)Y”-” = 0. 
Then, there exists Q function p(t) E &’ such that y(t) - p)(t). 
For the proof the following simple lemma is needed: 
LEMMA 1.1. Let the set 
9 = {f”(t) : fv(t) c C(u, co), Y = 1, 2 ,... n) 
be totally ordered with respect to the relation >. 
If there are no elements of S which are of the same order for t -+ 00, then these 
are asymptotically linearly independent, i.e., the numbers c, , v = 1, 2 ,... n, 
not all equal to zero and such that 
!I &f”(t) = 0, t E (4 00) (2.2) 
do not exist. 
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Proof of Lemma 1.1. If such elements of 3 do not exist, then, because of 
the order property of 9, there exist the largest one-fA(t) say. By dividing 
(2.2) through cAfA(t) and letting t -+ co, one gets 1 = 0 - a contradiction. 
(If c,, = 0, we use the second largest, etc.) 
Proof of Theorem 1. (i) y(t) cannot oscillate (either finitely or infinitely). 
Suppose, on the contrary, that there exists a sequence {tic) tending to infinity 
with k and such that y(tk) = 1. By putting y(t) = Y(r) + 2 into (2.1) one 
obtains 
i b,(t) Y"-(t) = 0, 
t-0 
where again b,(t) E 2. Put further t = t, into the above equation. This gives 
bn(tk) = 0 which is impossible since b,(t), being an element of .%‘, is ultimately 
of constant sign ([4, Theorem 131). Consequently y(t) tends to a (finite or 
infinite) limit for t + co. 
(ii) The set 
Y = (a”(t) y”-“, v = 0, I,... n} 
is totally ordered with respect to the relation >. For, let % be the quotient 
of any two elements of Y: aA yn-“, a,(t) y”+, X < p, i.e., X = {y(t)/b(t)}uu-A, 
where b(t) = {aA(t)/a,,(t)}ll+^) and b(t) E &‘. We have, therefore, to show 
that y(t)/b(t) tends to a (finite or infinite) limit. But, by an obvious trans- 
formation of (2.1), one gets 
g A,(t) y”-“(t) = 0, 
where Y(t) = y(t)/b(t), A,(t) = a,(t) b”-“(t) and A,(t) E &‘. Then, according 
to (i), Y(t) and so X tend to a limit for t -+ co. 
(iii) Now, by applying Lemma 1.1, one concludes that there exist two 
elements of Y of the same order, i.e., such that 
*im uh(t>Yn-~(t) = z (~ 0) 
f-02 a,(t) y*-+(t) 
which gives 
y(t) - {Za,(t)/ah(t)}ll’“-~) E 28 Q.E.D. 
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3. Here we prove our (main) 
THEOREM 2. Any solution of the Eq. (1.1) satisfies one or the other of the 
relations 
(9 u(t) - 4th (ii) u(t) - 1 f, 4) dt/“‘, 
(iii) In u(t) N 
.r 
t as(t) dt, 
to 
where c is an integer and 01~ , 01~ , 013 E A?‘. 
The proof of Theorem 2 is based on the following results: 
LEMMA 3.1 ([6, Theorem 11). Let f(t, u) be continuous for t > t, and 
u1 < u < u2 . !ff (4 4 3 0 (or < 0) f or an arbitrary but fixed u and large t, 
then all solutions of the equation u’ = f (t, u), defined for large t, tend to a jinite 
OY injkite limit when t -+ co. 
LEMMA 3.2. Let u(t) denote a solution of Eq. (1.1); any ultimately continuous 
“rational” function 
(3.1) 
(L, M being defined in th e introduction) tends to a limit for t + co. 
Proof of Lemma 3.2. 
where u’ = du/dt. Now, from (1 .l) and the fact that Xl/i% is again of the 
form (3.1) (since f (t) E 8 implies f ‘(t) E X [4, p. IS]), one has 
H’ = w, 4 S(u,? 
H’ being also continuous. 
By eliminating u from (3.1) and (3.2) one obtains 
(3.2) 
or 
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where A(H, t) is an algebraic function of the coefficients. Notice that 
P,(H, t), considered as functions oft only, belong to Z since the elimination 
requires only rational operations. 
Therefore, for a fixed H = k, there exists, by Theorem 1, a function 
F(k, t) E 2 such that H’ -F(k, t), t + cc, which together with (3.4), give 
for H=k 
H’ = A(k, t) wF(k, t), t+co. 
But, sinceF(k, t) belongs to &“, it is ultimately of constant sign and monotonic 
[4, Theorem 131 so that, according to the above formula, A(k, t) > 0 (or 
< 0). Hence, Lemma 3.1 can be applied to the equation (3.4) which gives 
the desired result. 
Proof of Theorem 2. Write (1.1) as 
P(u, t) - u’Q(u, t) = 0. (3.5) 
Any term of the left side of (3.5) is of one of the forms u%,(t), z/&z,(t), m, 
n integers, a m , a, E &‘, and so is an ultimately continuous “rational” function 
which obviously holds true for the quotient of any two of them. (u(t) has no 
zeroes for large t. For, write (1.1) explicitly as 
u’ = 2 q(t) *n-f? b,(t) urn-‘. 
"=l v=l 
(3.6) 
Then u(t& = 0, where t, -+ 03, k + co, would imply u’(tk) = %(tk)/b,(tk). 
But a,(t)/&(t) E &’ so that u’(tk) would always be of the same sign which is 
impossible. If a,(t) s 0, then, by the mean value theorem, u’(&) = 0, 
tk < tk < tk+l > implying that the right side of Eq. (3.6) is zero for t = & , 
which is impossible if t, , t,,, are two consecutive zeroes.) 
Therefore, by Lemma 3.2, the set of all terms of the left side of Eq. (3.5) is 
totally ordered with respect to the relation >. But, then, by Lemma 1.1, 
there exist two of the mentioned terms of the same order, i.e., whose quotient 
tends to a limit 1 # 0 for t -+ co. Now, either both (or neither) of these terms 
contains U’ or only one of them does. The first case leads to the formula (i). 
The second case can be put in the form ~8%’ N u%(t), m, n integers, a(t) E &‘, 
which gives (ii) for m - n # - 1, and (iii) for m - n = 1, which completes 
the proof. 
Remarks. It is possible to derive the more precise asymptotic formula 
44 - h*(t) for the case (iii). To characterize in a simple way the set z?* 2 2 
for which the formula holds, i.e., such that h*(t) E X*, the notion of Kara- 
mata’s slowly varying function [5] can be used. 
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